
 
Categories
We won't be needing muchcategorytheory but it'sgoodtoknow a

few basicdefinitions

A category is a collection of objects fAsiB C and for each

pair of objects a collection of morphisms or arro ws MorCAB
such that

1 There is composition of morphisms Mor A B xMor B C Mor A.C
that is associative fog h fo goh

2 Every object A has an identity morphism idaeMorA A
s t fo ida idBo f f V f cMor A B

Check ida is unique

Examples

I Category of sets MorfaB all maps f A B

2 Category of sets w Mon A B Set of relations 5 C A B

3 finite dim't vector spaces1112 w linear maps

4 groups w group homomorphisms

5 topological spaces w continuousmaps

Defi f eMorAB is an isomorphism if 7 geMor B A st

gof ida and fog idB



The set of isomorphisms from A to itself is the automorphism groep
of A Aut A

Check inverseof an isom is unique and Aut A is a group

Exi
1 A set w u elements then Aut A n

2 dim u vectorspace over 112then Aut A E G La IR

Claimi If A B then Aut A I Aut B whichdependson the choice

of map A B

ClaimExercise gukup is a category w one object where all morphisms
are isomorphisms

Think of the arrows as the elements of thegroup and multiplication

composition

Def Agroupoid is a category in whichevery morphism is an

isomorphism

eg sets w bijections groups w isomorphisms top spaces w homeomorphisms

The main difference between agroup t groupoid is that we can't

always multiply two elements i e if our operation is it satisfies

thefollowing groupoid axioms



1 If f g h is defined then so is f g h and theirequal

2 f f l and t f are always defined
it f A B f f idps and f f idn

3 f ida id f f

Functors

In algebraictopology the idea is to associate to a topological
space X a discrete algebraicobject A X to tell spaces apart

We want X A X to be a functor so that

it f X Y is continuous we get an induced morphism

A f A x A Y in the category that A x livesin

Moreprecisely

Def let C and D becategories A functor F from C to D
associates to each object X in C an object F x in D
and to each morphism f X Y in C a morphism
F f F x F Y in D sit

1 F id idea preserves identity

2 F goof F g of f preserves composition

Basic examples



1 The forgetfulfunctor F takes a group to its underlying set

2 Tensor product In the category of vector spaces over a field K

fix V Thin W W V gives a functorfrom

the category to itself so doesW Vox w

3 W HompfV W is also a functor

If fW Y is linear turn the induced map HornYW Hom VY
V
4 Y is givenby a 1 fo awtf

t Free functor there's a functor F from sets to groups
that give thetree groep generated by X

eg F a b a b finite lengthwords in a b a l b

where multiplication is concatenation
i e a ab a b a a b a a Ba

F Ears T2


